ON THE EXISTENCE OF SYMPLECTIC RESOLUTIONS OF 
SYMPLECTIC REDUCTIONS 

TANJA BECKER 

Abstract. We compute the symplectic reductions for the action of Sp2n on 
several copies of C^" and for all coregular representations of Sh- If it exists 
we give at least one symplectic resolution for each example. In the case Sh 
acting on sfc ® C^ we obtain an explicit description of Fu's and Namikawa's 
example of two non-equivalent symplectic resolutions connected by a Mukai 
bJO' flop [FN04- 
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1. INTRODUCTION 



Let G be a semisimple complex linear algebraic group, g its Lie algebra and V 
a finite dimensional representation of G. The double V ®V* is equipped with a 
symplectic form and G acts symplectically on this double. Let /i: V ®V* -^ Q* be 
(— I [ the associated moment map. Define the symplectic reduction by 

=2 ■ V(B V*///G := ^i-\0)//G. 



Conjecture 1.1 (Kaledin, Lehn, Sorger). If there exists a symplectic resolution of 
V © V*///G, then the quotient V//G of the simple action is smooth. 

CN ■ 

K^ I The analogue for finite groups is known and has been proved by Kaledin |Kal03| 

)::P '. and Verbitsky [VerOOj . 

Representations with smooth quotient V//G are called coregular. They have been 
classified by Schwarz in |Sch78j in case G is connected, simple and simply connected. 
This complete classification suggests to examine the converse of conjecture 1 1.1 1 Let 
G, V be in Schwarz' list. Does there exist a symplectic resolution of ^ © V*///G1 
QQ ' Note that for G finite, the converse of the conjecture is not true by Ginzburg- 

^^ . Kaledin |GK04) . However, for G = 5^2 '■— Sl2{'C) we obtain the following result: 



Theorem 1.2. Let V he a coregular representation of Sl2- Then every irreducible 
^^ , component of V (B V* ///SI2 with reduced structure is a symplectic variety in the 

$H ' sense of Beauville-Namikawa [BeaOOj and admits a symplectic resolution. 



More precisely, from Schwarz' list we see that there are eight coregular representa- 
tions of SI2 which can be subdivided into four different types: 

(1) C^, €2 ® C^ and C^ © C^ © C^, 

(2) S^€^ and S'^€^, 

(3) sb andsb ©sb, 

(4) staffiC^. 

Remark. These representations can be found in |Sch78) as follows. Tables la and 
2a list all coregular representations of Sin, but we only consider n = 2. In table 
la, items 1 and 2 coincide and give type (1). Items 18 and 19 are also the same, 
they contain type (3). Items 12, 13 and 20 all encode representation (4). The other 
items do not apply to the case n = 2. In table 2a, items 1 and 2 contain two further 
representations of SI2, these are the symmetric powers, type (2). 
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In addition, we consider item 1 of table 4a, namely a series of representations of 
Sp2n on at most 2n + l copies of (D^". Type (1) is a special case of this, so actually 
we will analyse this more general case instead. 

We begin with the representation of Sp2n ■ To obtain a statement on symplecticity 
of the quotient a large effort is spent on examining normality of the zero fibre of 
the moment map: 

Theorem 1.3. For the action of Sp2n on ((C2n-|e2m ^^^ ^g^^ fibre of the moment 
map is reduced if m > 2n and even normal ifm>2n + l. 

From this we deduce that the symplectic reduction actually is a symplectic variety 
in the extreme case m = 2n + 1. By means of nilpotent orbits we then analyse in 
which case the quotient is symplectically resolvable. As SI2 and Sp2 coincide this 
covers the first type of representations of SI2 (1). 

Afterwards we shortly review type (2) and (3): Type (2) is classical and has already 
been treated by Hilbert. The resolutions we find there are well-known. Type (3) 
can be reduced to analysing the action of SO3 on (D"^ , and will be treated similarly 

to5p2nGC2". 

The most interesting example is the action on s[2 C^. There the symplectic 
reduction has a special configuration, which yields different symplectic resolutions: 

Theorem 1.4. The symplectic reduction Z := 5(2 © C^ © (sb © <C'^)*///Sl2 admits 
three non-isomorphic symplectic resolutions Z , Yi and I2 connected by Mukai flops 
on the components Ei resp. E2 of the zero fibre of n: Z -^ Z : 



B\e, (Z 



BIeAZ) 




While the resolutions Yi and I2 are equivalent in the sense of |FN04) . Z is non- 
equivalent to them. 

This gives an explicit description of the two non-equivalent symplectic resolutions 
constructed by Fu and Namikawa in |FN04j . Our construction by blowing up and 
using the cotangent bundle shows that both resolutions are algebraic. 

Acknowledgements. I would like to thank Manfred Lehn for posing the original 
problem and his excellent supervision of my work. The basic idea for the proof 
of normality is due to him. Further, I thank Christoph Sorger for his ideas to 
improve the presentation. I am very greatful to Baohua Fu for several discussions, 
corrections and the help with the Mukai flop. 

While this paper was written I have been partially supported by DAAD and 
SFB/TR 45, which is greatly acknowledged. 

2. Symplectic reductions 

Before turning to the different examples we give a short introduction to symplectic 
geometry and work out the aspects we need concerning symplectic resolutions. In 
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order to do so we introduce the moment map, use it to define a modified quotient, 
and give a criterion when this reduction actually is symplectic. 

A normal algebraic variety X over (D with symplectic structure a G T{Xreg, ^\ ) 
on its regular part is called a symplectic variety if for one (hence any) resolution 
of singularities f : X ^ X the section a extends to X. A resolution / is called 
symplectic if a extends to a symplectic structure on X, i.e. is everywhere non- 
degenerate. 

Symplectic resolutions are semismall by Kaledin |Kal06) and Namikawa [NamOlj . 
The property of semismallness can also assure symplecticity of certain resolutions: 

Proposition 2.1. Let X be a variety with symplectic form on X^eg- If t^'- X —* X 
is a semismall resolution such that for some closed subset F of X of codimension 
> 4 the restriction X \ tt^^{F) -^ X \ F is a symplectic resolution, then it is a 
symplectic resolution. 

Proof. Since X is smooth, the induced symplectic form on T:~^{Xreg) extends to 
a form a on X because the bundle ^"x^^ extends, and a is symplectic outside 
■K~^{U). If the extension was degenerate, its determinant would vanish along a 
divisor. But as tt is semismall, the codimension of 7r~^([/) in X is at least 2, and 
(J is not symplectic at most in codimension 2. So deter cannot vanish at all. D 

Now let us turn to the symplectic double V®V* of a vector space V . Its symplectic 
structure is given by (t{{v, tj), [w, C,)) = ri{w) — C,{v) and G acts symplectically on it 
Vi&g{v,T]) = {gv,f]og-^). 

If there is a non-degenerate bilinear form < ■,■ >: V x V ^ <C, this action can 
be computed in the following way: as a vector space V can be identified with 
its dual via the induced isomorphism V -^ V* , v i-^<-,w>. Having v,w S V, 
the dual action g ■ w is defined via <v,g ■ w >—< •, w >{g~^v) —< g~^v, w > by 
taking the adjoint of g~^ in the last term. If < •, • > is even G-invariant, then 
<g~^v, w> — <gg~^v,gw> = <v,gw>, therefore V = F* as a representation. 

We recall the moment map which plays a central role in our considerations. Let 
{V,a) be a symplectic vector space and G a semisimple group with Lie algebra g. 
Equip g* with the coadjoint action. If G acts symplectically on V, there exists a 
unique G-equivariant map fi : V ^ q* which satisfies d^xiOi^) — "'(Cj^^;) for all 
X G V, ^ G TxV, A € g. This map /i is called the moment map. 
On the symplectic double of a vector space the moment map turns out to be 

^l■.V(SV* ^g*, iv,rj)^^{f:A^f]{Av)). 

Let us denote by X^ the ideal corresponding to /i~^(0), i.e. A'^^(O) = Spec{<C[V]/T^). 

Remark. For every symplectic action G x V ^ V with moment map ^ the G- 
equivariance of fi ensures that /i~^(0) is a G-invariant subset of V. This is why 
there is also an action of G on ^^^^(0) and we can consider its quotient: 

Definition 2.2. Let T^ be a symplectic vector space with symplectic G-action and 
corresponding moment map /i. The symplectic reduction of V is defined to be 

V///G := M~'(0)//G = Spec{€[V]/I,,f. 

Caution. In spite of its misleading name, the symplectic reduction need not be a 
symplectic variety. 

Proposition 2.3. Let GOV be a symplectic action on an symplectic vector space 
V , let ^: V ^ g* denote the moment map. Then for every x G /i^^(O) with closed 
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orbit Gx C /i^^(O) and trivial isotropy group, the image x G fj,^^{0)//G is a regular 
point and r^(/i^^(0)//G) — TxIJ,^^{0)/qx — (qx)-^ /qx is a symplectic vector space. 

Proof. Luna's slice theorem (cf. |Lun73) ) implies regularity and the first equality. 
The differential d^^ ■ T^V -^ 7),(x)0* has maximal rank in all points x £ /i^^(0)reg 
and we have T^n'^iO) = kerd^^^ = {£. & T^V \ dn^{^){A) = VA e T^V}. 
Together with the property d^xiOi^) = <^{^t^x) of the moment map this impHes 

T,^,-\0) = {e e T,V I ai^Ax) - OVA G g} = (ga:)^. 

This shows the second equality. By G-invariance, if x is contained in /i^^(O) so 
is the whole orbit Gx. For this reason gx is contained in TxIJ,~^{0), and it is an 
isotropic subspace of T^V because gx C Txfj.^^{0) — (qx)'^. This implies {gx)^/gx 
is a symplectic vector space. In particular there is a symplectic structure on the 
set of points with closed orbit and trivial isotropy group. D 

This implies the following criterion for the existence of a symplectic structure on 
the symplectic reduction: 

Proposition 2.4. {^~^{0)//G)reg possesses a symplectic structure if ^^^(0) is 
normal, the isotropy group of every point in /i^^(0)reg is trivial and for the singular 
parts n^^{Q)sing//G C {^.^^{0)//G)sing holds. 

Proof. Since /i~^(0)sj„g//G C {p.~'^ {0) // G) sing every x G {p.~'^{0)//G)reg has a 
representative x with a closed orbit in /i~^(0)reg- D 

3. The action of Sp2n on (C^")©™ 

Throughout this section we will consider the symplectic group Sp2n with defining 
matrix J = ( _ *} q ) , and its quadratic analogue Q = ( / g" ) . 
We examine the symplectic double of the action 

e:; : Sp2n X (C^")®" ^ (C^")®™, (5, x(i), . . . , x(")) ^ {gx^'\. . . , yx^). 

To compute its symplectic double remark that the non-degenerate bihnear form 
(D^" X (D'^" -^ (D, {x,y) 1-^ y*Jx is S'p2n-invariant because J is. Thus we see the 
representation is self-dual so that the symplectic double of g^ is §2^- 
Writing x'*^ — [xn . . . X2,ui) and arranging these vectors as matrices X' := 
(x(i) I ... I x(")), X" := (x^^+i) I ... I x^^'")) and X = {X',X") we can write this 
action as multiplication from the left gX' resp. gX. 

In order to determine the symplectic reduction we have to know the moment map 
on which we focus now: 

Proposition 3.1. The moment map of the action Sp2n C? (([];2n^®2m ^^ 

M : (C2")®2™ ^ sp2n, X ^ ^XQX'J. 

Proof. Written as matrices, the S'p2n-equivariant pairing identifying (([^2")©™ with 
its dual is ((D^")®™ x ((02")®" ^ (D, (F, Z) ^ tr(Z* JF), so ^x : ((D2")®2m ^ gp*^^ 
fi{X',X"){A) = tT{{X"YJAX'). Using the fact tr((X")* JAX') = tr(AX'(X")*J) 
= tTiAX"{X'YJ) we obtain ^i{X',X"){A) = ^tT{A{X'{X"Y + X"{X'Y)J). As 
the argument of the trace is an element of sp2n, identifying sp2„ and sp2n via 
5p2„ — > Sp2n7 {B i-^ tr(Ai?)) I — > ^{A + JA^J) leads to the modified moment map 

^ . (C2«)®2m ^ gp^^^ (X',X") ^ ^{X'{X"Y+X"{X'Y)J. 

At last XQX* = {X', X") (^ ^A f J JX) = X'iX'J + ^"(^')*- □ 



/„ ; V(^") 
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Example 3.2. As we want to consider the representations (D™ of SI2 from Schwarz' 
table, we have to set n = 1 and m = 1,2, 3. We are only interested in the ideal 
defined by the moment map rather than in the map itself, so we consider the slightly 
modified map /I: ((C^)®^™ — > 5(3, X 1— > XQX*. This only changes the arrangement 
of the equations and avoids a cumbersome scalar factor. 

If TO = 1, we have XQX*=(^ l^'l^^^ "^^^f^^^'^'^M- Thus the momentum ideal 
is determined to be Z^ — (xiia;i2, 2:112:22 + 2:122:21, 2:21X22). 
Calculating the momentum ideal in the same way for m = 2 we obtain 

2"^ = (2:112:13 + 2:122:14, 2:112:23 + 2:122:24 +2:13X21+2:142:22, X21X23 + X22X24). 

If 771 = 3, the calculation yields that 2^ is generated by X11X14 + X12X15 + X13X16, 
X11X24 + X12X25 +X13X26 +X14X21 +X15X22 +X16X23 and X21X24 +X22X25 + X23X26. 

Before computing the quotient we examine if /i~^(0) is normal according to proposi- 
tion [HH We will prove that /i~^(0) is a reduced resp. normal complete intersection 
li m > 2n resp. m > 2n + I; this is theorem 11.31 In the other cases the statement 
is not necessarily true: taking a look at example 13.21 where to = 1, we see detX = 
X11X22 -X12X21 ^Ip, but (detX)2 = (X11X22 +xi2X2i)^ -4(xiiXi2)(x2iX22) e2:^. 
Thus X^ is not a radical ideal and fj,^^{0) is not reduced, so it cannot be normal. 
Similarly ^~^(0) is not normal if n = 1, to = 2. This time, /i~^(0) is a reduced 
complete intersection according to theorem 11.31 but .Jacobi's criterion shows that 
it is not regular in codimension 1, so Serre's normality criterion fails. 

To prove theorem 11.31 we write U for the symplectic vector space (D^" and W for 
the euclidean vector space (D^™, the eucHdean structure being defined by Q. Then 
the moment map is 

H: U(^W ^5p2n ^Sym2„(C), X^XQX*J^XQXK 

The zero fibre /i~^(0) is a complete intersection if and only if it is of maximal 
codimension, i.e. of dimension 

/2n + l\ 
dim^^^(O) — dim U (^W ~ dimsp2„ = 2n ■ 2m — I j = imn — 2r? — n. 

In addition /^^^(O) is reduced if the codimension of its singular locus is at least 1, 
and normal if it is at least 2. Kaledin, Lehn and Sorger give a criterion on the 
isotropy group to check this: 

Lemma 3.3 ([KLSQ6J). Let \x:V ^ %* be the moment map of an action G Q V 
and N := {x G /^~^(0) | Gx not finite}. Let £ := dim^ — dimg be the expected 
dimension of the zero fibre. 

(1) If dim N < £—1, then fi^^{0) is a reduced complete intersection of dimen- 
sion £, 

(2) if diva N < £ — 2, then /i^^(O) is normal. 

In the general case U ~ (C^, W — <D'' oi arbitrary d and k and the above moment 
map we prove the following proposition. Together with the lemma this will give 
the desired result if we set d — 2n, k = 2m. 

Proposition 3.4. For every k > 2d we have 

(1) dim/i-i(0) = fed- C^+i) = fed- f - f, 

(2) dimA^< fcd-(''+^)-l. Ifk>2d+1 we even have dimN < fcrf- ('^+^) -2. 

Remark. In our case the definition of Q requires k to be even, but the proof works for 
arbitrary fc if Q is replaced by any orthogonal structure. Similarly, as the moment 
map and the set N are defined via the action Sp{U) G U ® W, a priori both only 
exist for even d. But the map /i: U (^W ^ Sym^((D), X t-^ XQX* is also defined 
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for odd d. Using U = U* we can write [/ (g) ly = Hom(t/, W). Let < ui, . . . ,Ud > 
be a basis of U and < wi, . . . ,Wk > &n orthonormal basis of W so that an element 
X £ U i^W is mapped to some ip: U ^ W with corresponding matrix X* under 
this identification. Then 

X G M"^(0) ■^=^ XQX^ = ■^=^ x,Qx] = for all rows Xi, Xj of X 
^=^ ^{ui) _L ip{uj) = for all basis vectors Ui, Uj of C/ 

w.r.t. the euclidean structure on W 
■^=^ ^{U) C VF is an isotropic subspace of W. 

This gives M^HO) = I';' e Hom(C/, VK) | (/?(t/) C W isotropic}. 

The set N = {X e M^^(O) I \Sp{U)x\ = oo} of elements with infinite isotropy 

group is contained in the set M := {X e M^^(O) I Sp{U)x 7^ 1} of elements with 

non-trivial isotropy group, so it suffices to restrict the dimension of M. 

Let g G SpiU). As Sp{U) acts trivially on W we have Hom(L/, Wy = Hom(C/9, VF). 

Thus ip is invariant under g if and only if tp remains fixed under composition with 

the map g: U ^ U. This leads to the following criterion for the isotropy group of 

Lp to be non-trivial: 

Sp{U)^ ^1^^31^ge Sp{U) ■.pog = p 

4=^31^ ge Sp{U) : y u e U : p{giu)) = p{u). 

Let g be fixed with this property and choose u G U such that g{u) ^ u. Then we 
have p{u— g{u)) = ip{u)— p{g{u)) = 0, i.e. 7^ u—g{u) =: mq G ker(^. In particular 
the kernel contains a line <Cuq and p factorises via U/<Cuq. This means N C M C L 
where L -.^ {p e ^^"^(0) \keTip ^ 0} ^ {p e /i^^O) \3uo: p: U/€uo -> W}, and 
it suffices to restrict the dimension of L, which is independent of the structure of 
the symplectic group. Therefore L also exists for odd d. 

Proof. Let d = 1. Then by assumption fc > 2. We have to show dim/i^^(0) = k — 1, 
dimi < fc — 2 for every k and dimL < fc — 3 if fc > 3, shortly dimL = 0. 
Let U ^< u > and < wi, . . . ,Wk > an orthonormal basis of W. Let (p be defined 
by M 1-^ X]i=i '3^i^i- Then ip{U) is isotropic if and only if ^^^i af = 0. Thus we 
can choose fc — 1 coefficients independently, the last one is fixed up to sign. In 
particular dim/x~^(0) = fc — 1. If the kernel of (p is non-trivial we have ker ip — U 
and ip: {0} -^ W. Thus L has dimension 0. 

Now consider a d-dimensional space U together with its isotropic images p{U) of 
dimension d. Every p G /i~^(0) maps to such a subspace; if the image is not of 
dimension d, complete it to a d-dimensional isotropic space. Thus p{U) varies in 
the Grassmannian of d-dimensional isotropic subspaces in the euclidean space W 
of dimension fc. The set of such subspaces has dimension dim(GrasSiso(i^, W^)) = 
d{k — |d — i). There are d^ maps p G Hom([/, W) to every isotropic subspace of 
dimension d. Thus the zero fibre of the moment map is at most of dimension 

dim^-i(0)<rf(fc-|d-i) + rf2 = dfc- '"^^^ 

On the other hand, as every equation reduces the dimension at most by one accord- 
ing to Krull's theorem and since being isotropic is described by ( 2 ^) equations for 
a d-dimensional euclidean space, we obtain equality. 

Now if (^ G L factorises via C//(Duo for some uq S ker p, then if p{U) is isotropic so is 
p{U/<Cuo). Thus p is contained in /^q ^(0) where hq: {U/(Cuo)^W -^ Sym^_;^((D), 
X 1-^ XQX denotes the moment map in smaller dimension. Using the induction 
hypothesis we know dim(/ig" (0)) = (d— l)fc — (2). There are dimP(C/) = d — 1 
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different subspaces <Cuq of U. This yields 

diniL< {d^l)k- rj +{d-l)=dk- r^^\ -{k-2d+l) 
^ , dk- Ct^) -1 iik>2d, 



dk-{'^+^)-2 iik>2d+l. 

Setting d — 2n, k = 2m we deduce normality in the case m > 2n+l. This completes 
the proof of theorem 11.31 

Looking at Schwarz' list we see that we have to reduce ourselves to the case m < 
2n + 1. Let us first compute {<C'^^)®'^'^//Sp2n by describing the invariants and 
relations. Then we turn to the symplectic reduction ^~^{0y/Sp2n- By the preceding 
theorem we can only guarantee symplecticity in the case m = 2n+ 1. 

According to the first fundamental theorem for Sp2n (cf. |Wey46| ) all invariants of 

our action are ,., . .^ 

Zy := (xW)*Ja;^J\ i < j, i, j G {1, . . . , s}, 

where s = m for the simple action and s = 2m for the duplicated one. As matri- 
ces the invariants can be arranged as {X'YJX' resp. X'^JX, where you find the 
Zij above the diagonal and their negatives below, the diagonal is zero. We will 
often use the permutation X^JXQ. By the second fundamental theorem the (2) 
invariants do not have any relations for s < 2n + 1, these are exactly the cases in 
Schwarz' table. For larger s there are the relations Jk — Q, k — 1, . . . ,n+l, where 

and ji e {1, . . . , 2m,} pairwise disjoint. 

In our example n = 1, the invariants specialise to Zij = xiiX2j — xijX2i, i < j- 
These are exactly the 2 x 2-minors of AT. So g\ does not have any invariant, 
P2 has exactly one, namely the determinant of X, and there are three invariants 
for P3. Of course, these invariants of coregular representations do not fulfill any 
relation. Unlike this, the six invariants of gl are connected by one Pliicker relation 
Ji = 212^34 — Z13Z24 + Z14Z23, and the fifteen invariants of gl satisfy fifteen of such 
Pliicker relations, namely ZijZki — ZikZji + zuZjk, l<i<j<k<l<6.1n this last 
case there is one further relation 

J2 = Zi4Z25Z3e + ■224235-216 + 234215226 " 214235Z26 - 224215Z36 - 234Z25216. 

Now let us compute ^~^{0)//Sp2n for arbritrary m, and n: 

Proposition 3.5. As a set the quotient of the action Sp2n G ((|^2n-je2)n ^^ 

^i-\0)//Sp2n ^Z -.^{Ae S02m | A^ = 0, rkA < min{2n,m}}. 
Proof. By proposition 13.11 the preimage of zero under the moment map is 

^i-\Q) = {Xe ((D2")®2™ I XQX'J = 0}. 

Define the map v : /i~^(0) — > S02m, AT h^ X^JXQ. At first we show that the image 
of v is contained in Z. For this choose an arbitrary X e /i^^(O): 

• -QiX^JXQYQ = -QQ-^X\-J)XQ == XKJXQ, i.e. X^JXQ e 502™, 



• {X^JXQf = X^J{XQX^J)XQ = 0, 



• rk(X*JX(5) < m holds because (X'^JXQ)^ = 0. The other bound arises 
from rk(X* JATQ) < min{rkA:,rk J,rk(5} < min{2n,2m} < 2n. 

To see that i^ factorises via ^^^{Q)//Sp2n we have to show that v is constant on 
each orbit. Indeed for every g e Sp2n'- v{gX) = {gXyjgXQ — X*JXQ — i^{X). 
For the injectivity of the induced map 17 on the quotient we look at the following 
diagram describing the correspondence between algebras and varieties. One obtains 
the second diagram from the first one by taking the spectrum of each ring and by 
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reversing all the arrows. Furthermore we utilise imv C Z . We write V := ((|2|2n~)e2m 
for short. 



€[V] 




'C[V]/I^ 



(C[y]/x^)«p- 



v^ 




-^M-'(O) 



i^i V//Sp2n^ 



(dC") ^ 



S02„ 




^^i-\0)//Sp2n)- 



As map of invariants (p : (D[zij] — + 'C[V] 



Sp2„ 



{x^'^>YJx^^\ is surjective, for 



which reason the corresponding map of varieties ■0 : V//Sp2n -^ S02m is injective. 

Here ^ is induced by V' : ^ ^ S02m, X i-^ X*JXQ, and we have V'U"^(o) = ^- ^s 

V' is injective so is F = i>\ti~^oy/Sp2„ ■ t^^^{^)//Sp2n -^ Z. 

For showing surjectivity choose A e S02m satisfying A^ — Q and rk A < min{2n, to}. 

We will construct an X e ^i~^(Q) such that A = X^JXQ. 

As AQ is skew-symmetric there exists S S Gl2)n such that AQ obtains the shape 



[S-^AQS-^ 



A 




, i.e. A^S' 



A 




SQ, 



where A is regular of size £ :— rkA and skew-symmetric. But the size of a non- 
degenerate skew-symmetric matrix is even, so ^ = 2k, and further there exists an 
R £ Gl2k such that A — R*J2kR- Inserting this in the above expressions and writing 
R :== {R, 0) e Mat2fcx2m and T := RS, we obtain 

R JikR 
0, 



AQ^S^ 



S — S R J2kRS — T J2kT. 



One easily computes U*J2nU = J; 



2k- 



li k = n, then X := T is the desired preimage of A. Otherwise k < n and we define 

U e Mat2„x2fc via U ~ ^ (^J). L"'^ 

Setting X := UT finally yields AQ = T*J2kT = T*C/* J2„C/T = X* J2„X. 
It remains to prove X e /i"^(0). As yl^ = we have X*JXQX*JXQ = 0. By 
construction X = (i?, 0)5* resp. X = U{R, Q)S is regular on rows, thus so is XQ, 
and X* J is regular on columns. This shows that if XQX^J was different from zero 
then XQX^J-XQ and X*J-XQX^JXQ would also be, a contradiction. Therefore 
XQX*J — must hold and X is contained in /i~^(0). D 

Until now we know the quotient only as a set. Our next aim is to describe its 
geometric structure. 

If fj,~^{0) is reduced, the corresponding ideal is its own radical, but the defining 
equations for Z do not yield a radical ideal in general. So for ^~^{0)//Sp2n and Z 
to be equal as varieties we have to equip Z with its reduced structure, which will be 
assumed in the following. In the examples n=l,TO = 2or3 the reduced structure 
is attained by adding some equations involving the Pfaffian as we will see later. 
On ((D2")®2m = (|^2n^(|^2m ^j^gj.^ -g ^^^ ^^^^ ^j^g S'p2„-action from the left, but also 
an S'02)n-action, namely multiplication from the right. This action leaves ^"'^(O) 
invariant, for {Xg)Q{XgYJ = X{gQg*)X*J = XQX\J if g e S02m- Thus S02m 
also acts on ^^^(0), and on the quotient fi'^{0)//Sp2n because the S'p2n-action is 
independent of the S'02m-action. With one element its whole orbit is contained 
in ^~^{0)//Sp2n by S'O-invariance. Therefore Z is the union of certain nilpotent 
orbits of S02m, i-e. of orbits of nilpotent elements under the adjoint representation. 
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Let di > . . . > dfc be a partition of 2m. All but one partitions whose even parts 
occur with even multiplicity correspond to exactly one nilpotent orbit 0[di,...,dk] of 
S02m- Only the very even partitions, which have only even parts di with even multi- 
plicity, correspond to two nilpotent orbits OL ^^ and OH^ ^, (cf. [CMG93J). 
The Jordan form of a representative of this orbit has blocks of size di , . . . , dk- 

Proposition 3.6. The variety Z consists of the following nilpotent orbits: 

2 

U 0!22ki2(,n-2k)i = O p™" ^ .i^] , if m is odd, 



z 



=0 

-1 



U 0,22k i2(™-2fc)i U OLr., U Of/„, = 0[2"M U 0^2"']^ «/^ «s even. 



k=0 

Proof. Obviously the union of the indicated orbits is the closure of the orbits with 
highest rank in both cases. 

" C " : Because oi A^ — each element A e Z can have Jordan blocks of size at most 
2. The rank condition on Z implies that the Jordan form of an element in Z has 
at most m blocks of size 2 if to < 2n and at most 2n such blocks if to = 2ri + 1, 
since every 2 x 2-block raises the rank exactly by 1. The indicated unions contain 
all Jordan forms of these types, therefore they contain Z. 

"2": Conversely let X be a matrix in one of the indicated orbits. Then X^ — 
because the Jordan form of X consists of blocks of size at most 2. The maximal 
number of such blocks implies rkX < min{2n, to} in both cases. Thus X G Z. 
The closure of a nilpotent orbit is always reduced. So the orbit closures and Z 
also agree as varieties, both describe ((D^")®^'"//S'p2n if and only if /i~^(0) is 
reduced. D 

To analyse normality of nilpotent orbits we work with |KP82) . From the criterion 
for normality stated there together with table 3.4, section 2.3 and the theorem in 
section 17.3 of loc. cit. we deduce: 

Proposition 3.7. Z is normal if and only if m is odd. If m is even, Z decomposes 
into two normal components. The same holds for {'C'^^)®'^™' /// Sp2n «//^~^(0) is 
reduced. 

Fu gives a criterion for nilpotent orbit closures to be symplectically resolvable: 

Proposition 3.8 (Fu, |Fu03j ). Let O he a nilpotent orbit of S02m associated to the 
partition d — [di, . . . , djv] • Its closure O has a symplectic resolution if and only if 
there is an even q ^ 2 such that di, . . . ,dq are odd and dg+i, . . . ,diq are even, or if 
there are exactly two odd parts at the positions 2k — 1 and 2k for some fc e N. 

If TO is even, both orbit closures 0[2'"] ^nd 0[2m] admit a symplectic resolution: 
set g = in the proposition. The union of these constitutes a symplectic resolu- 
tion for Z. For orbits associated to the partitions [2™~^, 1^] the first condition of 
the proposition never holds. The second condition is fulfilled because there occur 
exactly two ones at the positions 2to— 1 and 2m. So Z also admits a symplectic 
resolution for odd to,. In particular, (CI^")'*"''"^//S'p2n has a symplectic resolution. 

Remark. As A<^^(0) and hence fi^^{0y/Sp2n is normal, the existence of a symplectic 
resolution implies that ((D^")''"^^/^S'p2n is a symplectic variety indeed. 

Now we take a look at the quotients fi~-^{0)//Sl2- First we consider the double of 
the case m — 1. Up to multiples z^ = is the only relation of the single invariant 
z :— detX, so the quotient is the non-reduced variety 

(D^ © <C^///Sl2 = Spec(C[z]/(z2)). 

This is not a symplectic variety. 
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For the double of g2, the six invariants satisfy eleven relations modulo Z^. Identi- 
fying the invariants with the entries of a matrix A G SO4 yields an isomorphism of 

(C" ® €^fy//Sl2 = {Ae S04 \A^ = 0, Pi{QA) = 0}, 

where the PfafRan guarantees reducedness on the right. The quotient is not normal, 
but the union of two normal components by proposition 13.71 On the contrary, 
according to the general case, the preimage of the moment map is normal if m = 3. 
The quotient is the six dimensional symplectic variety and nilpotent orbit closure 

i€^fy//Sh = {A e 506 M' = 0, vkA < 2, PUiQA) - 0} - OpM^], 

where Pf4{QA) denotes the Pfaffians of the 15 skew-symmetric 4 x 4-minors of QA, 
which again assure reducedness. 

It is a well-known fact that the singular locus of the nilpotent orbit ©[22^12] is the 
nilpotent orbit ©[lej, which is nothing else but the origin. According to |Fu03j 
the nilpotent orbit closure 0(22. 12] has a symplectic resolution. The isomorphism 
of Lie algebras BOe = sU identifies {A e soe \ A^ = 0, ikA < 2, FUiQA) = 0} 
with Y := {B e sh I rkB < 1}. This variety, and hence {€^)®^///Sl2, has two 
well-known symplectic resolutions by the cotangent bundle and its dual: 

{(A,L) e r X p3 I imA CL} ^Y, 
{{A,H) eY X (P3)* I H C kcrA} -^ Y. 

Remark. Note that the singular locus is of codimension 6. Since there is a symplectic 
resolution, the singularity cannot be locally Q-factorial by |Nam06j . 

4. The action of SI2 on symmetric powers and on its Lie algebra 

Next we present the classical cases of the action of SI2 on the symmetric powers 

S^<C'^ and S'^(D^ whose invariants and relations have already been determined by 

Hilbert in [HilQOl lHil93) . The symplectic reduction of both actions is isomorphic 

to a quotient of a finite group action. This was expected since both are so-called 

polar representations, see |CLe07j . 

Afterwards we overview the action of SI2 on one and two copies of its Lie algebra. 

We use the known invariants to compute the symplectic reduction. 

This section shows that the quotients of both types (2) and (3) of representations 

of SI2 are symplectic varieties and admit a symplectic resolution. 

4.1. The action of SI2 on symmetric powers. 

We consider elements of S^<C'^ as binary cubics A :— gqx^ + 3aix'^y + 3a2xy'^ + a^y^ 
and elements of S'^C^ as polynomials A := aQx'^ + 4:aix^y + &a2X^y'^ + Aazxy^-\-aAy'^. 
The actions of SI2 on S^'C'^ and S''*(D^ are induced by the action of SI2 on (D^, where 
the action is multiplication from the left, via g ■ (x^y^) = igxy{gyy . 
Both symmetric powers have a non-degenerate S'/2-invariant pairing, given by 

a : S^€^ X S^€^ -> C, {A, B) ^ aob^ - aa&o - 3(ai62 - a2&i), 

a' : S"*C2 X 5"'C2 -^ C, {A, B) ^ a^b^ + 6004 - 40163 - 46103 -I- 60262- 

So both actions in consideration are self-dual. 

There is only one invariant for the simple action of 5^2 on S^<C^, namely the 
discriminant d = — 4aoa2 — 4aia3 — aga| -I- ?ta\a^ + 600010203. On the double there 
are seven invariants: An invariant of degree 2 is i^ := a{A,B), five invariants of 
degree 4 are obtained by polarising the discrimanant and an invariant of degree 6 
is the resultant. These invariants fulfill two relations of degree 8 and 10. 
The moment map for this action is ^: 5^C^ ® S'^C^ — > sla, where ^i{A,B){Cj = 
3((oo^ii -I- 01^12)63 - (00^21 + 3ai^ii + 202^12)62 + (2oi^2i - 0261 + 0362)^1 - 
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(02^21 — 03^11)^0)- Generators of the corresponding momentum ideal I^ are given 
by ai&3 + 0361 - 20262, 0063 + 0360 — ai&2 — 02^1 and 2aibi — 0062 - a2bo- 
Modulo Ifi there remain three invariants F — a{A, B), do = disc(74), ^4 — disc(i?) 
with one relation 16dod4—F'^. Up to scaHng this is the equation of an v43-singularity 
in {0}. Therefore S'^C^ © S^€'^///Sl2 = €V(S/4) is a symplectic variety and 
symplectically resolvable by two successive blow ups in the origin. 

The simple action of SI2 on 5*^(0^ has two invariants, which are the quadratic 

form Q = aaa^ — 4aia3 + 3a, and the Catalectian C — det 01 02 03 . Polaris- 

^ V 02 03 04 y 

ing these yields three quadratic invariants Qq,Qi,Q2 and four cubic invariants 
Co,Ci,C2,C3, which are algebraically independent. An additional invariant is 

(ao 3ai 3a2 03 \ 
fco 3bi 3b2 bs • These eight invariants generate the ring of invariants. 
fci 362 363 64 / 
There is one relation in degree 12. 

Here the moment map is /I : S'^C^Q^'^C^ -^ ^i^, fi{A,B){^) = 4((^i2ai+aoCii)64- 
(6iao + 2ai^ii + 3^1202)63 + 3(Ci2a3 - 6101)^2 - (3C2ia2 + ^120-4 - 203^11)61 + 
(^21^3 — 04^11)60), with momentum ideal X^ generated by 5401—36302—6104+36203, 
0064—6004—20163 + 26103 and 6003—6309-36102 + 36201. 

The ring of coordinates of the quotient fi~^{0)//Sl2 is generated by Qo, Qi, Q2, 
Co, Ci, C2, C3. Comparing these invariants and their relations with the invariants 
and relations of the action of the symmetric group S3 on the double of ((D^)o = 
{{yi 2/2 ysY £ (C^ I 2/1+2/2 + 2/3 = 0} = (D^ via permutation of indices, we obtain the 
same quotient. Thus it is a symplectic variety as a subset of S'^^C^ — ((D^)®'^/S'3. 
The singular locus of ((D'^)o © i^^)o/S3 can be resolved by a Hilbert scheme: The 
barycentral map . : (C^)®^ - C^ ((;0, (-),(-)) - UllXllt;:) ^' ^3-invariant 
and therefore factorises via ((D^)®'^/S'3. The preimage of under the induced map 
s is exactly our quotient ((D'^)o © {<C^)o/S3. Composing s with the Hilbert-Chow- 
morphism p: Hilb (C^) -^ S^(D^, which is a resolution of S^(D^ due to Fogarty 
|Fog68| , and even a symplectic one, cf. |Bea83) . we obtain 

Hilb'(C2) -^^—^ 53^2 — i-^ C2 

U U w 

p-i((C3)o©(C3)o/53) > (€3)o © (C3)o/53 > 0. 

So the restriction of the Hilbert-Chow-morphism to p~^(((D"^)o © ((D'^)o/S'3) is a 
symplectic resolution for {€^)o © i€^)o/S3 = fi-^C^ © S'^C^/Z/Sh. 

4.2. The action of SI2 on its Lie algebra. 

The action of 5/2 on 5(2 is just the adjoint representation Ad{g){A) = gAg~^. The 
map Ad maps SI2 to Gl{sl2), even to the orthogonal group SO3. This is the well- 
known 2 : 1-covering. Identifying 5I2 with <C^, the actions SI2 Csb and 503 G (C^ 
coincide via this covering, so they have the same rings of invariants, even at several 
copies: ©[((D^)®*^]^^^ ^ (D[s[^'']^'+ So instead of analysing Sh Q sh, we consider 
the action of S'03 on <C^, where we dispose of the fundamental theorems, to compute 
the symplectic reductions sl^'^/Z/Sh and sl'^'^/Z/Sh. 

The action we have to consider now is 

i?„ : SO3 X (€3)®" ^ (C^)®", {g, J^\ . . . ,a;(")) ^ igx^'\ . . . ,gx(")) 

in the cases n = 1, n = 2, resp. n = 2, n = 4 for the doubles because the action 
is self-dual since {x,y) i— s- y*Qx gives an invariant non-degenerate pairing on <C^. 
Writing X' = (x(i) I ... I x(")), X" = (x("+i) | . . . | a;^^")) and X = {X',X"), the 
pairing identifying (C^)®" with its dual takes the shape (C^)®" x (C^)®" -^ €, 
iX',X")^ti:{{X"YQX'). 
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According to the first fundamental theorem for 6*03 all invariants are 

Uj := ix<^'^yQx<^i\ i<], i,je{l,...,n}, 

det(x('i) I a::('=) I xfe))^ zi < Z2 < ^3, ^1,^2, 13 e {1, . . . , n}. 

In the cases n = 1, n — 2 there are less than three vectors, so the second type of 
invariants does not appear. The only invariant of ^1 is x*Qx, ^2 has three invariants 
x^Qx, x^Qy and y*Qy if we set x :— x^^\ y := x^^^. Both actions do not have any 
relations by the second fundamental theorem, hence they are in Schwarz' list (table 
3a, item 1 and 4). 

For n = 4 there are ten invariants of the first type and four invariants of the second 
type. For a clearly arranged description of the relations we refer to [LSQ6J- 
With analogous calculations to the ones of proposition 13.11 we obtain the moment 
map fi: ((D")®^" ^ sp™, {X',X") ^ i(X'(X")* - X"{X'Y)Q = -\XJX'Q. In 
the special case of §1 doubled the entries of fJ.{x,y) provide the momentum ideal 
2"^ == (2^12/2 - 2:22/1, xiys - X3yi, X2yz - X3y2). Writing X' ^ {x \ y), X" = {z \ u) 
in case of the double of ■d2, the ideal I^ is generated by X1Z2 + yiU2 — X2Z1 — J/2U1, 
X1Z3 + yiuz - 2:321 - 2/3U1 and X2Zz + y2Uz - X3Z2 - 2/3'"2- 

Now we reduce the invariants and relations modulo the momentum ideal. The 
invariants in = x*Qx, ti2 = x*Qy, t22 = y^Qy of the double of t?i satisfy a single 
relation modulo I^, namely tfj ~ ^11^22 = 0. Thus fi~^{0)//SO3, and with it 
s[® ///SI2, has only an isolated Ai-singularity. This shows that the quotient has a 
symplectic structure. The >li -singularity admits a symplectic resolution by blowing 
up the origin. 

For the second example it turns out that the determinantal invariants Ti, . . . ,T4 are 
dispensable modulo I^, the other ten invariants fulfill six relations. The quotient 
fi~^{0)//SO3 — {512)®^/// SI2 is isomorphic to the nilpotent orbit closure C[22] = 
{A G sp4 I A^ = 0} and hence is a symplectic variety. Its singular part is C[2,i2] = 
{A e sp4 \ A^ — 0, ikA < 1}. In |LS06| . Lehn and Sorger show that the cotangent 
bundle {{B, U) C 0[22] x G | C/ C keri?} -^ 0[22] is a symplectic resolution. 

5. The action of SI2 on SI2 ® C^ 

The symplectic reduction of the last representation of SI2 we consider has a more 
exciting geometry than the preceding quotients, which were all more or less clas- 
sical. Here the singular locus admits a symplectic resolution by a blow up whose 
zero fibre provides the configuration for performing a Mukai fiop. This gives two 
further symplectic resolutions which are also algebraic as their explicit construc- 
tion by blowing up a certain subvariety will show. Therefore even resolutions which 
arise from the canonical process of blowing up are not always the only projective 
symplectic resolutions. 

The action on the sum of the special linear Lie algebra and the complex space also 
appears in Schwarz' list for general n: 

Sin X (s[„ © (D") -^ s[„ © C", 5 • {A, x) = {gAg-^,gx). 

To compute the symplectic double, we consider both summands seperately. On 
sin, like on any semisimple Lie algebra, there is a non-degenerate bilinear form 
{A,B) 1-^ tr{AB), which is invariant because tT{gAg~^gBg~^) = tr(A_B). So sl„ is 
a self-dual representation via the isomorphism sl„ — > s[* , A 1 — > {B i— > tr{AB)). 
On (D" we consider the elements as columns whereas ((D")* contains rows. Then 
evaluating a linear form y at a vector x corresponds to usual matrix multiplication 
yx. The computation y{g~^x) = yg~^x = {yg~^){x) shows that the dual action 
is Sin X (€")* -> (€")*, {g,y) ^ yg-\ Identifying (€")* with C" by taking 
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the transpose, the dual action writes Sin x C" -^ (D", {g,z) i-^ {g^^Yz. The 
corresponding invariant pairing is (D" x (D" — > (D, {x, z) i-^ z^x. 
Altogether we have computed the double 

Sin Gsl„ © C" ® C" © s[„, <? • (A, X, y, B) - (.gA?"', 5^, {gT^V, gBg-^). 

First we determine the invariants of the simple action, then we combine them to 
invariants of the symplectic double. Taking into consideration the decomposition of 
the representation into a direct sum we distinguish three types of invariants: pure 
invariants of (D" and s[„ respectively, and mixed invariants. Considering (D", the 
first fundamental theorem for Sin tells us that there are no invariants. According 
to the first fundamental theorem for matrices, generating invariants of conjugation 
of Sin on its Lie algebra are exactly the coefficients of the characteristic polynomial 
or equivalently the traces iv A^ , k = 1, . . . ,n. Of course trA = 0, so fc = 1 is 
superfiuous. A mixed invariant is det(x | Ax | ... | A"-^^x), since det{g) = 1 
and det{gx \ gAg'^gx | ... | {gAg^^)"-^^gx) = det(5) det(x \ Ax \ . . . \ A'^^^x). 
Specialising to the case n = 2 we can prove 

Proposition 5.1. The ring of invariants of the simple action SI2 CJsb © C^ is 
C[s[2©€2]^'^ =C[trA2, det{x\Ax)]^(D[detA, det{x\Ax)]. 

Proof. We have already seen that both elements are invariants, so we only have to 
show that tr A"^ and det(a; | Ax) generate the ring of invariants. The Poincare-series 
(cf. |Muk03pPV94j ) of the simple action is (i_^'i),i_fi) ■ The denominator indicates 
that there are two generating invariants, one of degree 2 and one of degree 3. They 
are algebraically independent because the numerator is 1. 

Now denoting A — {al\ -aii ) and x — (j^^) the invariant tr A^ = 2{a1-^+ai2a2i) is of 
degree 2 and det(a; | Ax) = a2ix\ — 2aiia;iX2 — ai2x\ is of degree 3. Obviously both 
invariants are algebraically independent, so they generate the ring of invariants. 
The last equation holds because tr A^ = —2deiA. D 

Now we extrapolate the invariants of the simple action to invariants of the doubled 
one. Let Vl := {A'^^B''^ ■ ■ ■ A^^B^^ \ ai,h S No for z = 1, . . . , be the set of all 
words with characters A and B. The invariants of conjugation by Sin on two 
copies of its Lie algebra are the traces tiW, W £ fl, due to the first fundamental 
theorem for matrices. On (D" © (D" the first fundamental theorem for Sin yields the 
existence of exactly one generating invariant, namely y^x. But there are also mixed 
invariants: y^Wx, W d ft, are invariants, as well as det(Wix | W2X | . . . | Wnx) 
and det{Wly \ W^y \ ■ ■ ■\ W^y), Wi € ft. These mixed expressions in x, y and A, B 
are invariants, because Sin acts on each word in fl via conjugation of the whole 
word as the actions in the middle ehminate themselves. 

Again we can show that there is a set of generators of the ring of invariants among 
the invariants we have already found if n = 2: 

Proposition 5.2. Generating invariants of SI2 G SI2 © (D^ © (D^ ©5(2 are 

• detA, detB, tr AB, 

• y*x, y*Ax, y^Bx, y^ABx, 

• det(a; | Ax), det(a; | Bx), det(a; | ABx) and 

• detiy I A*y), det^y \ B'y), det(y | (AB)*y). 

Proof. The Poincare-series of this representation is — u7l\-i(l-ii.^lM (^Y^i)\ , which 
has the expansion 1+4*2 + 6^3 + 13^4+24^5 + 0(^6). The four invariants det A, detB, 
tr AB, y*x are independent of degree 2, whereas y*Ax, y*Bx, det{x\Ax), det(x|i3a;), 
det{y\A*y) and det{y\B*y) are six invariants of degree 3 and y^ABx, det{x\ABx), 
det{y\{AB)*y) have degree 4. None of these invariants can be expressed in terms of 
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the others. If these are generators of the ring of invariants, we have to multiply the 
numerator of the Poincare-series by (1 + i)(l — t^)^{l — t'^)^. Doing this, we obtain 
1 - 6i6 - Sf - 6t^ + 8t^ + 2At^° + 24^11 + 5t^^ - 2U^^ ~ mt^^ - 24<i5 + 5^16 _^ 24t" + 
24ti* + 8i^^ - 6^2" - St^^ - 6t22 + 1^^ which is indeed the Hilbert-polynomial of the 
indicated invariants. D 

For computing the moment map /i : s[„ (D" © C" © sin -^ ^^n explicitly we 
use a pairing comprised of the trace pairing on s[„ and {x,z) 1-^ z^x on (D". Be- 
cause of tr([74, S]) = and tr(xj/*) = ^y^x we have ^{A,x,y,B){^) = tr((^A — 
Ai)B) + y*'\x = tr(^(AB - BA + xy^)). Using the identification 5I* — > s[„, {B ^ 
tr(Ai?)) I — > A — tr(A)/„, we can consider /z as a map to s[„. Then 

fiiA, X, y, B) = [A, B] + xy* - ^y'xln- 
We write V := sb © €^ © (D^ ©sb and <C[aii,ai2,a2i,bii,bi2,b2i,xi,X2,yi,y2] for 
the ring of coordinates, so iA,x,y,B) = {{Hi -^l,) , (Z) , Hi) , {t X)) ^ ^- 
Determining the preimage of zero under the moment map, the defining equation 
= ^{A, x, y, B) = [A, B] + a;y* — \y*xl2 yields the momentum ideal 
2";^ = (2aii6i2-2ai2&ii+xiy2, ai2h2i-a2ibi2+\{xiyi-X2y2) , 2a2ibii-2aiib2i+X2yi) ■ 

Remark. Modulo X^ the elements of Q, can be reduced to sorted words, i.e. elements 
in {A^B^ I < fc, / < n— 1} in the general case. As the generating invariants in the 
case n = 2 only consist of terms with sorted words this does not lead to decreasing 
the number of invariants here. 

Anyway, we need less than thirteen invariants to generate the symplectic reduction. 
A calculation with SINGULAR |GPS05j shows that five of the original invariants 
can be omitted modulo I^, there remain eight invariants zi, . . . , zg with nine gen- 
erating relations. 

Proposition 5.3. The ring of invariants of the action of SI2 on ij,^^{0) is 
(C[ii~^{0)]^''^ — (D[zi, . . . , zs]/{hi, . . . , kg) with invariants 

zi = det j4, Z2 — tv AB, Z3 = deti?, Z4 = y*a;, 

Z5 = det(a; | Ax), zq = det(x | Bx), z-j = det(j/ | A*?/), z% = det(j/ | B*y) 

and relations hi = 0, i = 1, . . . ,9, where 

hi = (2z2 - 24)27 + izizg, he = (2z2 + 24)2! - 4:ZqZj, 

/l2 = (2Z2 + 24)^8 + 4Z3Z7, /l7 = (2Z2 - 24)2! - 4Z5Z8, 

hs = (2Z2 + 2:4)25 + 42126, hs = Z-iz\ + 2628, 

/l4 = (222 - 24)26 + 42325, /ig = 2i2| + 2527. 

h^ — {2z2 + 24) (222 - 24) - I62123, 

The proposition shows that our quotient V///SI2 = ^^^{0)//Sl2 is the set of zeros 
Z := V{hi, . . . , hg) in (D^. Arranging the invariants as a matrix 



M := 



gives a description of the relations as its 2 x 2-minors. So our quotient consists of 
all matrices M as above with rank at most 1. 

Further SINGULAR calculations combined with Jacobi's criterion show: 
Proposition 5.4. The quotient Z is a variety of dimension 4, whose singular locus 

is Zsing := V(28, Z7, ^6, ^5 , Z4, 2^ - 42l23) £ C^. 
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Remark. The structure of y4i -singularity attracts attention at once: obviously the 
singular locus is V(z| — Aziz^) in the subspace V{zs, zj, 2^,2^,24) = <D^. In par- 
ticular it is again singular in the origin. Thus Z is stratified as Z D Zging ^ {0} 
with dimensions 4, 2, respectively. This phenomenon of each singular stratum 
being contained in the preceding one with even codimension is typical of symplectic 
varieties. Indeed Z is one: 

Proposition 5.5. Z is a symplectic variety. 

Proof. With the help of SINGULAR we see that /z~^(0) is a normal complete 
intersection and we compute fJ,~^{0)sing//Sl2 = Zsing- The singular locus ^i~'^{Q)sing 
is given by the equations y^x = 0, Ax = 0, Bx = 0, y*^A = 0, y*'B = and 
AB - BA^ 0. Let (A, x, y, B) e ^^"^(0) \ ^l-'^{0)s^ng■ If x = and y = 0, then 
AB — BA — because of the defining equation AB — BA + xy^ — \y*xl2 = of 
//""'^(O), and therefore {A.,x,y,B) G /i~^(0)si„g. So w.l.o.g. we can assume x ^Q. 
Complete x to a basis (x, x') of (D^. If 5 £ SI2 stabilises x, it must have the shape 
5 = (of) '^ith respect to the basis {x,x'). But detg — 1 implies t = I. Then for 
every integer n we have g" = (J "^ ). So g has infinite order unless s = 0. But the 
isotropy group of {A,x,y,B) is finite, because /z~^(0) is a complete intersection, 
so the isotropy group must even be trivial. By proposition 12.41 it only remains 
to construct a resolution tt : Z — > Z such that the symplectic form on TT~^{Zreg) 
extends to Z . This will be done next. D 

Now we describe a resolution of Z via blowing up the singular locus once. At first 
the following observation simplifies the process of blowing up enormously: Let us 
once and for all identify <C^ = V(z4, 2:5, zqj-^Tj ^s) C (D*. The fact Z n<C^ — Z^mg 
implies that the blow up of Z in Zg^g is the strict transform of the blow up 
■k: Bl,sj3{<C^) -^ (D*. Now by an easy computation the blow up of Z in Zsing is 



Z := Blz,,„^ (Z) = {((zi, . . . , zg), [X4 : X5 : xe : XT. xs]) e C"^ X P^ 

z,Xj = ZjXi, i, j = 4, . . . , 8, £1 ^ . . . = £q = 0}. 

Here the £i are defined by rkM < 1 and M is obtained by substituting Zi by the 
corresponding Xi in the last row and column of M. 

Proposition 5.6. The blow up n: Z —^ Z is a resolution of singularities. 

Proof. Let us exemplarily deal with the chart X4 — 1. The strict transform is the 
set of zeros of the polynomials 

(2z2 - ^4)2:7 + 4:ZiXs, (2z2 + Z4) - 4x6X7, 

(2Z2 + Z4)xs + 4^3X7, (2Z2 - Z4) - 4x5X8, 

(2Z2 + 2;4)X5 +4ziX6, Zs+XqXs, 

(2z2 - 2;4)x6 + 4^3X5, Zi + X5X7. 

(2Z2 + Z4){2Z2 - Z4) - I6Z1Z3, 

The four equations on the right give zi = — X5X7, Z2 = X6X7 + X5X8, Z3 = — xgXg, 
Z4 = 2(x6X7 — X5X8). Inserting this into the five remaining equations yields 

(4X5X8)X7 + 4(-X5X7)x8 = 0, (4X6X7)X5 + 4(-X5X7)x6 = 0, 

(4X6X7)X8 + 4(-X6X8)x7 = 0, (4x5X8)x6 + 4(-X6X8)x5 = 0, 

(4X5X7) (4X5X8) - 16(-X5X7)(-X6X8) = 0. 

Thus the strict transform is smooth, and the same holds for Z because one can 
treat the other charts X5 = 1, xg = 1, X7 = 1 and X8 = 1 in a similar way. D 

Our next interest concerns the fibres of the resolution, because they indicate if tt is 
semismall. This is a property needed to prove symplecticity. 
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Proposition 5.7. The fibre n (z) of the resolution n : Z ^ Z is 

• a point if z € Z \ Zsing , 

• isomorphic to F^ if z (^ Zsing \ {0}, 

• the union of two projective planes Ei UE2 intersecting in one point if z ^ 0. 

Proof. Let z = {zi, . . . , zs) E Z. li z ^ Zsing = Z n (D^ then Zj ^ for one 
j e {4, . . . , 8}. So we have Xi — f-Xj in the preimage, which is therefore fixed to 

be 7r"i(z) = {((zi,. ..,zs), [z^ : Z5 : zq : zr : zs])}. 

Let now z G Zsing- Then we have Z4 = Z5 = zg = Z7 = zg = and z| — Z1Z3. 
The relations £i — 0, i — 1, ... ,9, reduce to ii — Z2Xr + 2ziXs, £2 = 22X8 + 2^3X7, 
£3 = Z2X5 + 2ziXe, £a = ^2X6 + 223X5, 4 = 0, 4 = Z2x|- 2x6X7, £7 = 22X4-2x5X3, 

4 = Z3X| + X6X8, £9 = Z1XI + X5X7. 

To begin, we consider the case Z2 7^ 0. If X4 7^ 0, the equations £q = . . . = £q = 
yield Z2 = 2x5X7 = 2x5X8, Z3 = — X6X8, zi = — X5X7. Inserting this, ^1, ... ,£4 are 
automatically fulfilled. The assumption Z2 7^ implies Xi ^ Q iov i — 5, 6, 7, 8. 
Setting a;8 =: i =: f e C*, we obtain X5 = ff, xg = ^, X7 = ^ = ^^t, so 
[X4 : X5 : X6 : X7 : X8] = [t : f : -zg : ^i^ . ^2] ^ [^5 . ^^2 . _^^^2\^ ^^2 . ^2]^ 
If X4 =■ 0, then £q, . . . ,£<j mean X5 = = xg or X7 = = .T8. In the first case £1 
yields X7 = — ^^X8. Setting i = X8 we obtain [0:0:0: ^^^i : i], which is exactly 
the above element in the case 6 = 0. Alike, in the second case £3 yields X5 = — ^xg. 
Setting xg = — Z3S leads to X5 = '^^^s = ^s, which is again compatible with the 
above element for s = ^. Altogether the fibre is parametrised by P^: 

TT-^z) = {((zi, . . . , Z8), [ab : fb^ : -z,b^ : ^a' : a']) \ {a, b) e €^ \ {(0, 0)}}. 

In the case Z2 = the condition Zj = 4ziZ3 yields zi = or Z3 = 0. If zi 7^ 
and X4 = 1 then zi = — X5X7 implies X5 7^ and X7 7^ 0. Thus the conditions 
on zi and Z2 become xg = X8 = and X7 ~ ^ -^, so with i = X5 we obtain 
[1 : t : : ~f : 0] ^ [ab : a^ : : -zjfe^ : 0]. If X4 '= then £1 yields X8 = 0, £3 
affords xg = and £9 implies X5 = or X7 = 0. On the whole the fibre 

TT-\z) = {((zi, . . . , zs), [ab:a^:0: ^z^b" : 0]) | (a, 5) £ C^ \ {(0, 0)}}, 

is as well isomorphic to P^. Analogously in the case Z3 7^ we obtain the fibre 

^-\z) = {((zi, . . . , zg), [a5 : : -z^b" : : a^]) \ {a, 6) G C^ \ {(0, 0)}}, 

again parametrised by P^. This proves the second part of the assertion. 
Finally we deal with the case z = 0. Here the equations £1, . . . ,£5 do not provide 
any information, whereas £g, . . . , £9 yield xgX7 = 0, X5X8 = 0, xgX8 = 0, X5X7 = 0, 
equivalently as equation of ideals (X5 , xg ) (X7 , X8 ) — 0. Each of the two ideals defines 
a projective plane £^1 := {[x4 : : : X7 : xg]} resp. E2 := {[x4 : X5 : xg : : 0]}, 
whose union constitutes the zero fibre 7r~^(0). They intersect in the single point 
[1:0:0:0:0]. D 

Proposition 5.8. The resolution n : Z ^ Z is semismall. 

Proof. According to the computations of the fibres we have 

• X E Z \ Zsing '■ dim7r^^(x) = = ^ codimZ, 

• X G Zsing \ {0} : dim7r"i(x) = 1 = i codimZsi„g, 

• x = 0: dim7r-i(0) = 2= icodimjO}, 

so for each stratum Z D Zsing 3 {0} the defining inequality for semismallness is 
satisfied. D 

Proposition 5.9. The resolution n : Z ^ Z is symplectic. 
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Proof. It is well-known that any symplectic form extends to the blow up of an 
Ai-singularity, so the symplectic form of Z extends to the preimage of Zsing \ {0}. 
Thus it is not defined at most over the stratum {0} of codimension 4. But as 
the resolution is semismall proposition 12.11 can be appHed, which says that the 
symplectic form extends symplectically everywhere. D 

As projective planes the two components Ei and E2 of the zero fibre constitute a 
configuration admitting a Mukai flop in the four dimensional variety Z. 

Reminder. Let {X,a) be a symplectic manifold of dimension 2n > 2, P C X a 
closed submanifold isomorphic to P". Let further f : Z ^ X he the blow up of X 
in P and let D C Z denote the exceptional divisor. Then D —> P is isomorphic 
to the incidence variety {il,H) C F" x (P")* | / G H}. There exists a blow down 
g: Z ^ X' such that D is the exceptional divisor and the restriction of g to Z? is 
the projection D -^ (P")*. The variety elmp(X) :— X' is also symplectic. It is 
called Mukai's elementary transform or Mukai flop of X. If X is projective, X' 
need not necessarily be projective. 



Locally we are exactly in the situation of Fu's and Namikawa's example 5 in |FN04) . 
so effecting a Mukai flop at Ei or E2 gives a further symplectic resolution of Z. 
Writing X := e\TB.E2iZ) we obtain the following configuration, where the first di- 
agram visualises the blow ups and the second one describes the restrictions to the 
zero fibre of n: 



B\e2 Z 



EiUF 






X 



El UE2 








El U EX 



Here F is the incidence variety {(/, H) E E2 'x E2 \ I ^ H}. As Ei and E2 intersect 
in one point, Ei does not remain untouched under the blow up. We denote the 
strict transform of Ei by Ei . The point of intersection Ei n E2 becomes a line of 
intersection Ei n F, likewise Ei and E2 intersect in a fine. 

Our idea for constructing X ^ Z explicitly and for showing that X is even algebraic 
is to consider a partial resolution of Z. Instead of resolving Zging we blow up (D^ 
in V{z4, zi, zg) = (D^ and take the strict transform. This corresponds to the blow 
up of Z in 5 = V(z4, Z7, zg, z| — 4Z1Z3), which we denote by Y: 



Y^iiizi, 



zg), [y4 : 2/7 : ys]) e C« X p2 I 

ZiVj = Zjy.i, i,j = 4, 7,8, ki = 



= fcg = 0} 



where the h are defined by rkM2 < 1, M2 



2Z2-Z4 4Z3 1^8 

4zi 2Z2 + Z4, -J/7 
Z5 -Z6 3241/4 



Analysing the fibres oi tt2 : Y ^ Z we show that Y resolves the Ai-singularities. 
Thus only an isolated singularity in the origin remains. 

Proposition 5.10. The fibre ^2 (z) is 

• one point if z € Z \'C^ , 

• isomorphic to P^ «/z e (D'^ \ {0}, 

• Eiifz^O. 
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Proof. At first let z £ Z \ (D'^. Then Z4 ^ 0, 2:7 7^ or zg ^ 0, so the conditions 
Ziyj — Zjiji determine y ~ [y^ : yj : ys] uniquely. Furthermore {z,y) satisfies 
ki, . . . ,kg so that the preimage is not empty. 

Let now z G C^ \ (D^. Then 24 = 27 = ^8 = 0, but 25 ^ or ze 7^ 0. Thus 
ke, kr, fcg and kg simplify to zey? — 0, z^yg, — 0, zgZ/s = 0, 257/7 = 0, so we have 
2/7 = = T/8- This makes ki,k2 being satisfied automatically, whereas k^^k^^k^ 
hold because z ^ Z. So the preimage 7r^^(2) = {(2, [1:0: 0])} is exactly one point. 
In the case z G (D'^ \ {0} we have 24 = . . . = 28 = 0, therefore the equations 
are 222/7 + 2ziy^ — 0, 222/7 + 2232/7 — and 2| — 42123 = 0. If 22 7^ we have 
2/7 = — 1^2/8 or equivalently 2/8 = ~T^y7- Thus each 2/ in the preimage is of the 
type y = [22^ : — 22io : 22a] = [226 : 22a : — 2230]. If 22 = it follows 21 = 0, 
23 7^ or conversely. In the first case we conclude yr — 0, ys arbitrary, in the 
second case 2/8 = 0, yj arbitrary, both cases being of the type computed above. As 
(a, 6) G (D \ {(0,0)} can be chosen arbitrarily, the preimage is P"'^. 
Finally, the case 2 = does not put any condition on the homogeneous coordinate 
2/, so 7r^^(0) — {(0, [2/4 : 2/7 : 2/8])} is isomorphic to the projective plane Ei. D 

Now we want to resolve the remaining singularity. As the remaining singularity is 
of codimension 4, a further blow up would attach a P'^ and the dimension of the 
zero fibre would be 3 > 2 = i codim{0}, such that the map would not be semismall 
and neither symplectic. 

Locally in the chart 2/4 = 1 the variables 27 = 242/7 and 23 = 242/8 can be omitted 
and 272/8 — z^yjys — yjzs is automatic. So M2 yields the local description 



(21,22,23,24,25,26,2/7,2/8) 



-222+24 4Z3 -Sys 

rk I -4zi 2Z2+Z4 8y7 ) < 1 
— 25 — jsg —22:4 



A linear coordinate transformation is enough to transform this into the variety 
{A G 5(3 I rkA < 1} which has two well-known symplectic resolutions 

CTi: Y' :={(A,L) G F x P^ | [laAcLj^Y, 
a2:Y -.^ {iA,H) eY x (P^)* | H ckeiA} -^ Y. 
The compositions 7r2 o ai and T2 = tt2 o cf2 are symplectic resolutions of Z. 

Now we can examine our original question, namely if X coincides with one of these 
resolutions and Z with the other one. To obtain a positive anwer we need the 
existence of a map Z ^rY: 

■Bls{Z)^Y 



Zz}S 
By a SINGULAR calculation codim(7r~^X5)C'^ = 1, so S* defines a Weil divisor and 
even a Cartier divisor in Z, because in our case Weil and Cartier divisors coincide. 
Thus by the universal property of blowing up there exists a unique map / : Z — > F 
with 7r2 o / = TT, so Z must coincide with the first resolution Y' by the fact that 
Y admits only two symplectic resolutions. The other resolution of 1" is a Mukai 
fiop of the first one, so we obtain X = Y . Blowing up Z in V(24, 25, 25) yields a 
variety Yi isomorphic to Y2 :— Y with a morphism tti : Yi ^ Z, and two symplectic 
resolutions Y{ = Z, ti: Yi \-^ Z, where Yi is the Mukai fiop obtained by fiopping 
El. Altogether we have found three projective symplectic resolutions Yi, Y2 and 
Z: By construction, Yi and Y2 are isomorphic as varieties but non-isomorphic as 
resolutions of Z. However, they are equivalent in the sense of |FN04) : Let ip be the 
automorphism of Z which sends 21, 22, 23, 24 to themselves and which interchanges 
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z^ with zj and zg with zg,, respectively. Then 7^2 o (^ o tti is an isomorphism of Yi 
and Y2. This induces an isomorphism T2^ oipoTi of the resolutions Yi and Y2. On 
the contrary, due to loc. cit. Z is not equivalent to them. 
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